Abstract. We show that every Müntz space can be written as a direct sum of Banach spaces X and Y , where Y is almost isometric to a subspace of c and X is finite dimensional. We apply this to show that no Müntz space is locally octahedral or almost square.
Introduction
Denote the closed unit ball, the unit sphere, and the dual space of a Banach space X by B X , S X , and X * respectively. Let Λ = (λ i ) ∞ i=0 , with λ 0 = 0, be a strictly increasing sequence of non-negative real numbers and let Π(Λ) := span(t Let X be a Banach space. Then X is (i) locally octahedral (LOH) if for every x ∈ S X and ε > 0 there exists y ∈ S X such that x ± y > 2 − ε (ii) octahedral (OH) if for every x 1 , . . . , x n ∈ S X and ε > 0 there exists y ∈ S X such that x i ± y > 2 − ε for all i ∈ {1, . . . , n}.
In this paper we will show that no Müntz space is OH, answering the question posed in [3] whether Müntz spaces can be OH. A partial negative answer was given in [3, Remark 2.9] for Müntz spaces with Müntz sequences consisting only of integers, by combining the Clarkson-Erdös-Schwartz Theorem (see [8, Theorem 6.2.3] ) with a result of Wojtaszczyk (see [12, Theorem 1]). Our answer is based upon a generalization of a result of Werner [12] . We show that M(Λ) can be written as a direct sum X ⊕ Y where Y is almost isometric to a subspace of c and X is finite dimensional. As usual c denotes the Banach space of real valued convergent sequences with the supremum norm. Definition 1.2. Let X be a Banach space. Then X is (i) locally almost square (LASQ) if for every x ∈ S X there exists a sequence {y n } in B X such that x ± y n → 1 and y n → 1.
(ii) almost square (ASQ) if for every x 1 , . . . , x k ∈ S X there exists a sequence {y n } in B X such that y n → 1 and x i ± y n → 1 for every i ∈ {1, . . . , k}.
Both ASQ and OH are closely related to the area of diameter two properties, which has received intensive attention in the recent years (see for example [1] , [2] , [3] , [4] , [9] ). Trivially ASQ implies LASQ and OH implies LOH.
The area of diameter two properties concerns slices of the unit ball, i.e. subsets of the unit ball of the form
where x * ∈ S X * and ε > 0. Müntz spaces and their diameter two properties were studied in [3] . Haller, Langemets, Lima and Nadel [9] pointed out that the proof of [3, Theorem 2.5] actually shows that, in any M(Λ) we have that for every finite family {S i } n i=1 of slices of B M (Λ) and ε > 0, there exist x i ∈ S i and y ∈ B M (Λ) , independent of i, such that x i ± y ∈ S i for every i ∈ {1, . . . , n} and y > 1 − ε. This property is formally known as the symmetric strong diameter two property (SSD2P).
It is known that if a Banach space is ASQ then it also has the SSD2P. In fact, ASQ is strictly stronger than SSD2P (see [9, Theorem 2.1d and Example 2.2]). A natural question is therefore if a Müntz space can be ASQ. The techniques developed in this article will be used to show that this is never the case.
Note that we can exclude the constants and consider the subspace
of M(Λ) and the following results still holds true.
The notation f [0,a] := sup x∈[0,a] |f (x)| will be used throughout the paper. We use standard Banach space terminology and notation (e.g. [5] ).
Results
The main results of this article relies on the following theorem (which can be found with proof in [6] ):
We will also need a lemma which certainly is well known, but for completeness we include a proof.
and because π(x) ∈ span(π(z i )) i≤N , we conclude that
Remark 2.3. For every N ∈ N we have that span(t λ i ) i≥N is a finite codimensional subspace of M(Λ). Now let us show how the Bounded Bernstein inequality can be used to map Müntz spaces M(Λ) with λ 1 ≥ 1 almost isometrically into subspaces of c. Proposition 2.4. Let Λ be a Müntz sequence with λ 1 ≥ 1. Then the associated Müntz space M(Λ) is almost isometric to a subset of c. That is, for every ε > 0 there is an operator J ε : M(Λ) → c such that
Proof. Let ε > 0 and choose a sequence 0 = a 0 < a 1 < · · · < a i < · · · < 1 converging to 1. From Theorem 2.1 we know that for each a i ∈ (0, 1) there exists K i > 0, depending on a i such that
Define the operator J ε by J ε (f ) = (f (s n )) n , thus J ε ≤ 1 and continuity of f ∈ M(Λ) gives lim n→∞ f (s n ) → f (1).
For any f ∈ M(Λ) let (f k ) be a sequence in Π(Λ) converging uniformly to f . Let δ > 0 and find N ∈ N such that f − f N < δ. Then, for any s ∈ [0, 1), we have a i ≤ s < a i+1 for some i ∈ N. Let s m ∈ [a i , a i+1 ] be the member of (s n ) closest to s. Then
Since δ was arbitrary we conclude that
We now easily obtain the following. By observing that Theorem 2.5 implies that M(Λ) * is separable, we now easily answer the question posed in [3] . In fact we show more. , x) and observe that
Recall from [2, Theorem 2.1] that M(Λ) is LASQ if and only if for every g ∈ S M (Λ) and ε > 0 there exists h ∈ S M (Λ) such that g ± h ≤ 1 + ε. We claim that no such h exists for g = t λ 0 . Indeed, if 0 < ε < a λ 0 /2 and f ∈ S Π(Λ) is such that t λ 0 ± f ≤ 1 + ε. Then |f (t)| < 1 − ε for t ≥ a as t λ 0 > 2ε for t ≥ a. Thus, f must attain its norm on the interval [0, a], contradicting our observation. As Π(Λ) is dense in M(Λ), we conclude that M(Λ) is not LASQ. 
